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@ a (P-—H-'Hi. rock 4 uu@
It falbws thot Thet ot Pftcu-nﬁ p-!
Oacoders module p, namely
%, : (2/pz2Y — C7,
dfnd. by ks .
Xy, n) = e(-’f—”‘iﬂ—(ﬂ-’-) (og ksP-z,)
p—I
Gwer e  velnes ‘xk(jyzc(-f_-_—r cw.dwbud-
Jor 0k $p-2 ) “Hua Dwrclt sluvndiers
Nece 1 group of dusmdert §%,, .., Xy

- { 7(!( o0& kS)»z}g CP"g(Z/rZ)x.
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@ Addiie chanacler  (mod 9) f:rz->c panedic mod 4

nE— e(hn/-.\ (osh«,)
MulHTWQ d\ajfcd!-r (mode) frzoc, perodic mod ?
-Tohls mu“frw‘ , fo .f.(nm) = £l £in), all mn ;
_f(n\‘:o ;‘ and ov\lj 0& (ﬂ.ﬂ’)’.
( Can restrid  f:C/q2Y — € )
—a

Examrlc 73 Charackers X  wodul p
Leb g be. any Pri.{d‘yg ot  medub P, % < 3 > = (Z /PZ{
The chavacers X ewodule p are qwen.

. x : -~
Ky (erZ) -—... g su...&,m —n (Mi:)]
Ap(n) = e (Lﬂd’.ﬁ,.‘_) (osksr-z)

P—l

Xpy: = {x|"=oshsp—z} g Cpr = (275 z) .
X = priviged = gy



D Erample Fo4 . Lt q be an odd prime power, say q=ph,

or ese be 2 or 4, and médcr-uudumdusx..a,.

x .
Hee (Z/p%2)  (Wh p old, or phei2,4})
(s again 9«»&: of ovder ‘P(P ), hav;g o jam:évrj
(a primtive roet). '
(F"g_k L[.J .lo - rrim'(fu{ ret (mod P") , wiks fﬂ‘(/,'“ﬂt
) v pntwe (medpr) Sfor ol AnS),
Then we may rroamo( n wm Evaurk v-3.
There ace prasely  @pM) = P phl gumiters (med ph)
hamely K (2/’»"2 ) — ¢
xh (5)2 e ["k‘

X(F“): = < X,> & Cq,('k) S(Z/r“Z)x,



9 Exmrb. 7S . Lk 9° ;2" wil. h3 3, ad awodnr

Dunchlt chajuckers X wmodule 2™,
In s o (2/2'2) 0 gerded by
elaments -1 and 5, ad & famufal\a&—%
Ci x Copner . (_S'Zh’tsl (mod ZA)).
Gwen  on iad:cjer n  wdh (n,lh)zl, Yere & o
peir of whgus vV and W havimg
. ndC ind . 1
?“""43 wE e E0'5Y Cmed QY
We Tt  have
) = X(EY'SY) = qe-n” x(s)“
So W dharwder > debermuvad by s mlm“t-/es
Morever KH\ = XW=) xls)* = x(N = 1.




X, (n) = nd_;
(’ - e 4 u\d_ (n) y
le ( 1' h ku\d; ()
X (29 2
(Le 0,13 osk< 2“'1)

L Xyp
Lk  le {°ﬂ3, 0< k< 2"".'-,} -
~ Cux C = <X, Ko
= (a x (v =&~ (Z// h X
2°2) .

Exomol G Lu; ;: N *»de\
Yoo choracter % modulbaI. 1> o s

By T (hnese Remau
imder Theove e L.
| | W) on ﬁwﬁ’“




of pwdsis voofS G . Lo Ml wh -l and S
b8l Tt plecs dked e s precisaly i)
Dok droswdms  modudo g, !\4»«%
X, + @/92) — € (un 24)
fafresd tok
Xk [h) = ¢€ Z P ] 2
- P‘"1 q(r&)

*

wolh O kru s?(f‘"l.
X W (262) — € (W 2 ()

omdh



© . .
- € <lowl ), & indy () T ke ),

2 2 iy etp
| ;‘ p odd
whbh, 2 U‘[ whk. W2 2, Vurew
e’e {c, ‘li , l < 2"" N\-A

Netea. X(ct\::?xxk}-’f (Z/ﬂz)

Theoom 7. The M“*fw Jrevp (2/72) 4
redwed  hesuue damet wmodwlog ko gla)
Dindle:  characers. If % i such o dumckr,
Hhuw




@ ﬁ 7 AT { ¢1q) , W A=,

(nr;;:l ° ., Wheaa X #= X, .
Moereovesr, vhum (h'?):', , on has
2 xn) = ? ) ) Nuea nz ) (medq),
xe XG) 0, otharmge |

Proog- W hen X=X | “Han fwﬂ: omdhion ¥ rhfm .
Suppeas than  Hrak X #E Ko, There extsty o
l;\«.hjtr 2 g) m:U\ (IM;7)=.I awvd 7((»1).7‘_-[, gk "#u.\)
by noty oty vl hachan by m permukes —be
rednctd  reodits  module 7, We dadmece —Hrack

9 Y 9

5 XM = 2 Ximn) = Xwm) 2 Xln

ne\ Nnes) nNs |




® whence . .
(75(0'\\—-)3 Z')Uh\:.o = Z Xtn) =0

Fr e teeod amaddiim ) W nE | (mod q), one ha,

Z Xin) = Z X < M( X(ct)\ '-'-'=‘F’(ﬁ)'
%€ Xq) xe X(q)

Ao , Wum  (ng) =) amk n gl (medq), “thue i
A Oharadey X, (mod q\ wih. X, (h) & |. “’j cr
doasensain of  Dikddet darackers). T
D Xt = Z (X, X)Wy = X‘(h\z X(h)
xe X(q) Ae X(q) T Xe Xls)
use group Wrchmre
0} X (q)

d




(’X\(n\—'\\z XMy =0 =
—— X¢ X(y) Z X <o,
# X ¢ X(eﬂ

o

/
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Note on Pnuem B4 (it) of Problems 2

Giy ane ok wgfg o« paal M ¢z Clle,r) >0 ﬁ'fﬂh‘\
one has

T (= k'f')( hf tk‘r“)rr'“) < e+ 0 '/x)
[’3" ‘ <0

T (- y'\k (ZTu(r“)rr'l‘) =+ O( ).

ys.x

Rall: Chamcbers X rmu(7 = ( Direchlet) .

849 :

gly :

X!(n\: e 2 _E_M) (08‘(,:‘?"")-()

P""‘! @)

. g0 . ,®
X‘_.h (= e (-———'-—.‘ ind, () ¢ M_;(“‘ + ) ket ndy, ("))
- 2 1" ,:‘"‘1 Q(Pd, ’

when 2 llq Wk h23, i (L6 1015 0e0<2
0 < kgt < @(p¥) (p odd).



C : ) 2(Z6Z) (there are @ly) Diwskle:
Toorem 33 X9 1 charmdhers ),

Ak, i xin) = {th\ »  vhen X =%,
he) S o , Wan X%,
(ﬁ)"g‘ .
Z @tq) s Whw NEI (medg),
Ain). = |
Xe X&) { o , M ng| (ud?\ * (ng)=],

— _
Theovem 3. () If X; 5 a chamcler wmod q¢ (ie1,2),
~d q-= [’,,1‘] , Kg(ndz il Xuln\ £ ne 2, -t
Xy : Z — € & o« bamder jmed T ;

() If  q¢= 993 wik (4 :92) =1, s
X ©» &« charader moduls 9 , Yo~ Hera wast uqu.
drarachers A Umod i) iz ), 2) swh bt
XY = XV XatnY  fr Ol g




®

Em Am.(oju Rsenal /Phﬂd\m&(
() 2: ’ i C.X(.n] 2 Z (Cn't ( ¢.eC)

?(1‘ xe x(q‘ ns| [,:: :".5'
 §
() “""‘"; i ‘ Z Co x(ﬂ)‘ Z (Cglt ( CxéC).
M) h: =t 2e X(q\ ~ 26’“1\ e ,

}8. Dmcl\H' L - fmdtom o.vJ bmckl&% ’uhcorem on rvmcs

\nck(& L - fumstion: L_(s x hed vdk ¥
wodulo 9 » Anfmcl ﬁr o > / b
L(s,x) = Z XmIn~S (%))

ha!

CC}'- ;(S')\- Nhew X # 'Xe, howe

Z Xinr = kZ xXrn) =0,

1€ hg k1 ne)



@ whanea

l Z X (n)

S
l€Sne<x
The,, by Theorem 24 waphie Thak (8.1} rweryes
}‘r 6 >0 . (i.c. Q:O).
Afso, N X=X, . L(S,K,) moembles  T(s) doub)
o o0, =1.

The  absslth owergene ¢ (8:) for T2 1 wawwes
Aot o e W Euler produnck
| o0 W

o0
Lisx) = T 3 X0 _ 7 > 2@
P heo phs P heo pNS

= TU (1- %(f)r’)-l (e>1). __ (s2)
P
In pohealsr, %
PL(S,X.\ - h§n$ - E(S)W('—P’s)-
(M) =/ Pl




®  Twis rlecbon shons—tak Lts, ) & malgbe £ >0
exu?k S s»;\rh. Po(e ot s=1.

Jhasrem &1 I A Mo, b L (S X) ie byt

vhaan 6'>|) one hoes
by Lls,X )= T AM yxup-s
hst [gjn
"

/
- -:-"-:-[3;7(\ = ) Alm)Xinn™*

n=l

owd

P{BE. Ano.\njw b Ereatment 4 L‘J ) & -}.../(g)
. r |
The daim b duck anamo e resdur of (s, X,)




Lis,X)
@ (-\.JL’ ~\

(,:* ((S-\\ X(S)%('_P-S)) = T;( -l) m

ey ‘
s a7/
Iwhnxl‘d ~ Pmu PE a [mod,\ wil (4,7).': l,
M M
Z Aln)  as an  enalogwe ’[ Y= 2 A
¥ i EnéXx
ne a (madg)
Obwrve —thek
N _ 1, Whaw n = a Gudy)
X@m = "
T, e Oy She e eyl

"{1'5 X (a'n) = f |) vhan @ '”r-l(mod’)

XQX(‘) O, wiam a'n 3! (nedg)
Ty We hane Hi




00 o o0
A Anyn~® = L1 Z AW NS [ @ %
no) ?4) rn X € Xlq)

nNxa (mo‘1\

= -l(- . X ("-':-/- (S)X\> (1)
P exiy) L

I8 ¢)

Sww f‘f ?ﬂ\\ﬂs 'M'uim. ore wb MA.J Pwm.o f?‘“("‘?"

| (ﬂ|ﬂ\o,
Temjng o belure Wk whem X ¢ X,

"L (sy X) = Z A ) Xin) Converyes nhew

. s
L he) N - >o.

Indeed , d— ¢ > ) Y. e WS am.'tj‘ofc (Smce
trwa “"" L(Ssx\ ad alto Loj L(S,)C)’ KN'M

e L(g,X) 40 w o>o0.




@ .
Than PYovtd'd ~that LOLX)#0, one hae

o L’ = U
sy T M= 'Z':(" o< e (e

More over, e M L.(S.X) hao o s»uflo. foleaul-
s= 1, awd e -L(SX\ dsowasmph?o‘t

o ossl Wk redon 1 ( L‘Sk) ~ 24, i)

5L‘$M,)~bjé"§+ 01~
. L’
-— "':(S',xa)— _ST':.'_ + ”.J
Hea (8. ‘4) M
> oAt = L 2 X ("5,(% k))
ne) ¢(9) XeX(q) L

heh (mdg)






23 2020 . . ) o
a.i‘r.___J Reaall:  pisellet - funchin L (s,X) = hZ' xmin~>
%=Aot Lis,%e) = SGYTT (- r’s) s P9

Ve
Co + & (5=1)}-..
plq 1 + <

X+ Ko ? Ma-w ;'( e >0.
- —

hf_" Amin~® = ;;_1; Z X () (- L‘:'(s,rx)). (>, — (3:4)
nea Gmed 9 xe X
Stukegy fo_proving infuibly many primesp s & (wody) for  (nq)n!.
4 42#7(,;ka L,l(-(l;;x ) ::;u "t;u“mbjn;cs,x;o”-‘uﬁ w nhd of
s=1, C S :

WM. y vxmmuﬁ La.ufu»" W %PWW a,rownl S| Jd- |
)
Z Aln’n-‘ = —-L. [S—lr' + o an S —> '.'

hzi 9)
nza(mol7) | # \)_f,.



@

Theorem €2 (Dirichlet )  When X i a Dwichiet  chamcter

module 4 With X #Xe, one has L©,X) 0.

Poof . Argument divides i fwo halves - Well meet interectsy

{wmd\&\ud\t\#.

By

. A chonnder » clled teal o all of e values are neal, anf

a charader | clled amplex d‘ o last one of s values not ren

— P

C‘Q 1: 9( comPLeX

Nete '&\A‘ \J— X *» wwpl.v.x ok L(Lx)=o0 (and rfmd
\vganbuhchv\)‘ﬂ% X 1 ancther chwrader wk X#EX .

(d, KM ¢R =5 X # A, & AEX).
Then X & & choaroder wihh X #X od L(li)-—O

or We ner  dhaw . O.\ermcnm(b bmfefva_'bau.

Hwe @ oamus padal  tuwmg L, X) as 0o— |4



@ .0 dawthad
e LIGT) = bw L(KX) = e Llox) =0

c——= | - 4+ - |+

Saa LX) =0. |

[ Hgk—}onw wh’roao‘\ y @w apoly  Schwarz tef lectmn
proopl e ek LX) = (5 xX) —
i : LR L5, %) ] ’

—

Obaswve  —thot Jrr > |,

3 (xgﬂq) L“'X)) = Z gLy

xeXq)
= 7 Z Am) X(nm—s)
KGX(«‘) ns=2 “5 2
Whamo. Tty T T e
T LExh = cxy(wﬂ ) L
7C€X(1\ h=t Logn
he| leq’




® [ers=0>1, “Hwtfoe ,he  sum here lo & Nen-naguine

resd  numbar , Whena

T Lenx) >|. (3.€)
x € X(q)

(erader e Laurenk %rmm O)c L, X) abouk s=l
fo € XU T fuden  LISX) & anabyh for
c>0 an,(l:‘ J""‘WFL‘-PO('.&Ssl R
?H\/ﬂ'v éo

L(sXe) = P9/ T G+ ls-D--.,
s —|

i< smbab. c; e € . Me.aml&l;, wWhen 7c¢2:,,-#u.

fomn  L(S%) b amdie fr >0, whie

L(s,X) = Co (X) + c, (&) G-t) #---
foc wdobl  ci (XY e C.




& Than w  (8'5) we have

( ¢(9)/9q Focew . )TT ((colx) +C.(7f)l$-m--] >

sl X+%X,
(fr o>1).

Buk —than ;«(Z) an be zero Jfor ot most one
X wik X # Ao, fr othowiee e wowld have

L.h.s. a(ms\.U.L b (s~1) (l¢ L.hs. vo.mkes
& s=1). Thie covbradids owr @Psauw-uw{-

L 2AV=0 (amd L1, X)20 ose onseun,
Hamee LULWXY#E O  fr XEXe |

CO.SLQ: X lu.ni and X*XO..

I} X b oa ned damder, tn A = X, A
chander »  called _7m.o(m'fc3:«} & has order 2




@ . X)) Whwe XT= Ao bk X F X
In  order A ohew ek LX) #0 |, we vt
omsuder an mx‘t.lfug f“w&b\-ﬁ: M"WO’['Z,WV\&.M

W= Y L CL2X)=0,
LS, X) = @ (s=)+ AD(s=1)+--

J

ol
K(C) - \ + Cg $ oo .
S~
C L (5,K) = (X)) & b (=04 byGE-—,
_ (s.¢)
Lfartet by € C ot suwdbll  amotoucs .
has °Q
Ora Y(s) L(s,X) = Z ren) n~> (o> ),
he

rar rin) = AE x(d)




< The M rin) 1 mnﬁﬁrk&fh}{, one has
[l W ply (R

r(Pk) = he !, When Xlp) =+ 1,
2 b Whn X(p) = —) and 2/h,
C o Whaw Xlp) ==l and 2th.
[ Nke:  rp*) = Z 764(,» = O=Dbeesd (D4 ) =+1]
1)

Thwe we aw Wbk rn)=2o0 fHr oM ne N,
owd moreover v (n) 1 Fe M omeN.

LL{' 6 e J.gno‘(‘{ “H_ ad)SCl:‘SS‘& 4 CAnVQ.%Q
oj, Z rimn™S | Thin s

n =)

0o - /g < 2 -) -
> rn > 2 r(m®)m 27 m~! = fo0

nz| me) oy )



® .
O e | > 6 22 .  lowever, whew

LX) =0, e fudin SUILISX) i anyic
Jor T2, M%Péwﬁ S= /.  Thi
b wntenabl —  pt —tme uouja Landaus Lemns,



25:!’1’20"0_[ * Poblem Sheet 2 due — gt Hat m vin Briklsoan soon
® — Grigpen
Reall :  Theorem 82.  (Diricklet, 1837 ) (Prof here vin Landau, 1906).

When X & a charmoker modub 9 with X # Xo, one has L(,X)¢o0.

Proci, (so far). TTwo oases:
Gsa 1@ X compler : Have T LX) ) (e>0, __ (2's)

X€ X(q)
Now L (s, %) = ?"IV] + co + G- 4. hag Su;arlc P"‘ of s=1,
. -1
(DTG -p3)
P P
avad Lis,X ) amalic i @20  for X # Xo,

(8.8
—-)-) at mest ane X sudh theet L(I,X)ao.

Bwk L(« A amplex omd L“,'X)':.O, Y L())?)_-,o &' /hgi'
. -~ o
Gse A: X reol and X #Xo! Then A2V for (ig1= 1 andk

Lis,X) = (XN 4+ CO-N 4 ..o




® T(s) = 1. C

S -!
-TL'J* S(S‘ L(S)X) = C, (K) + B, (¢-1) + ... ’\aS ne .Q.D\Juhfaj
g s= 1, nor indeed for o >0 .

Observe —that bakls, X)= 2 rteayn™t (e51)

Nz

whare ré¢n\ = A\Z 9((.\),
So j | , when P“'\
r(ra\\ - he !, vhen 'X(p\-“-*’, %0
1 1, when Xpe-l a2l
0, When 'X(ﬂ'.‘.-\ ewd 2Fh
and rin®*) 21 bral n ¢ N.
l-lmc».m
s 0o P
! rinyn” "2 > 'y ! -
hz)
5o Z remin”% hay  abscueca 0} Gnvengena, 0. wcﬂ. Some



©)

_S_‘Z__'F":_L T(s) L(S,X)f Zrcnm"’) o analylrt for o >o0.

for > 0¢

Siha 2so €|, it means thd 0 LISX) i analylEs

-

ot s= 0. But Hus 55:.“:« contradickwn  from !
Lemma 3. (Landau) Let a(s) = z'a..n" Le a Dindhiet

ng' s
Suse  Whose absccssa 0{ amverjma Cec b fmcfl. Theeo
Prov'i,hcl"ft\d' an=>0 f-r all ne N, —lin Po'm(- 2= 0 &

a sh\juhky a} e fundon (),

Baofi By rglacing an By anmTC ue may sugpone
bat W  obsabsa é omvenponce 4 A(s) b 0Oz =0 (WQﬂ.
I[  &(s) were not analyht of s=0, Huw t Would posses

~ Sh\sula;dlj o y o—dh . Pfoc{- wowld e umr“‘l.

We maj '“\LNJN‘ “Wffvs-c A(S) W owwlgﬁ'éd: s=0,



2 0an cowiegges b (S

S 3=l i (k) iaride e ke e
Lovvargmc g o (8 ), we %‘T‘d"‘*l"““k“'

HIMN - - y
° ) = 2 C
o (S) = k (S=1) ) (&7
o0 )
whare - ™M _ 1 -Jﬁ n“'




®

mm4wuamd(ﬂ?) Wmoc“‘\
1 &

H  neorest swﬁ%# ol (S\,

Se  W(S) n omalyht a D (Tt Shaled ngpon), aed
’WW{—M'& mot i D oare i, we ane THhat
W rdie 4 omaeegna o (33 i 2 A 155 =145’
b 0 T | when 1s=1) < | +§' one has

oL (S) = f (1=9) f an(loy\'\kn" |

le !
kzo R=)
pu $=r<’,%~dﬂ'“‘*'h-mmm"w.)

ord
- wc.mjwﬂn.wé’w ~8'¢arae )

ale) = n! Z‘ (\-—c-\ (ﬁn)
hﬂ k=o !

= Z anh- «P(("r)lﬂ) Z““"-T

ns) n=l




©
Thn () omrerges ok S= -¥/2 , ewiramy W

ouN Mvmr‘him "u“‘*-' (S) hae obsarra ganw
=0, T () 5 ot avalgii ak ¢ =0
wd  wtead WanS‘;o./

—

LCLA)E O  Hr AEX VT

Gorollamy 84 ( Dwichlek ) If s e Z ad q€ N sk,
Cq,q)?—’) M Z m

P = <4 00,
PEa (mody)

In rw&wluf' , e MM mavy  pameo p ”‘a‘ pEa ukg)

Roof:  Reeall frm  (5:4) et Whan (ag)=) and /> ),
ot has




®

ot -5 — /
L A= =L 2 XWL g
ne & (modq) P’ XeXi) L ’(‘
m‘”‘& foe >0 exonpt ot
s f LGA) ) e X%
= l
?(1) (51 + Oq (1 ae S — [+
Thow Lo 3 AMY N3 <= oo,
S—» |+  h=
NTalmed o)

gp < L
Sy S Zomplpt e .
k32 1 P k=t P pCp-1)



[~

WP _
pza (modq) P =T e /
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“Theovem 85 HWhn a e 2 and 1eN advgg ,7I=I and %2 2, onohss

Atln)
\ A 0, (1) amd l3p - o,
On h:Zx " 9(\"’3"* Pé; ?m."ﬂ""'
hza (medq) p e (Mﬂ
L - b blq, a1+ O,
(v rZs:x P ?‘1’ l°33x v e ( layz)
PSA(m‘1\
vihere le)-—— (C.+ Zlvg(t -'-) Zk‘mlgl.(l 2))
?4) 7 2 A
— 1/ kep*
Pt za (modq)
y e > | '
= o) —
e TU (1= 4)7 = Caml ) ® (140, (3]
20 (med g) |
PE Y awe L

)\ 17 - XY Pa)
cor (e iilnz.(um P(’—TQ("@)»



as S-r 1010_]_ R'ablems Class on P roblem ghn.f 1
> _

Theorem 24, Lt asi 2 2 ann® aud wite A= L a,.

ne| nNE x
(i) When 5,30, one hag

-

R =P 80 bjx

W Whn T co, Hu  fdsin A b bounded

W) When 6> max {d’c,o} , one has

- »

- )
z ann™’ = s é—‘-:;, dx .
nzi ! X



3

U ol A= ) agsn)”“ .

= x(logx) + O(x (hs’d“'q )
ngx

Te m‘a\-\s u&vr QW\?M Nﬂ’é\ M{'laﬂu(,er rrocn.ul ﬁ R-S m{'!jﬂtﬁom

X
" \ d 2020
Ax ( AL ) e (g d Ll
to20 |* . 2019
= Lu_\(lnju\ & f Lu)l - aoze (Loau) / w

du

020

"

X(‘Djid + ( f (DJ“ u\‘ld“) D ‘Ei:

X <X Alx) <« xwt
Then  sme A ig ngt  bounded | _ For my €50
Y g™ 4 0 Cx (™)
lo g%
- L““g.hf 3!(4- Olbjhﬁ&\ . '*O(ufﬂr>
X =3 'b’& ¥ —500 “3"
= !

P




Day n A = J ot s I(ndeo) = 2xts00h,

nex - h=x

Then swwma Alx) b wxlaow\du(,
O-C = Q(;N\w lﬂ ( .ll(- XQ + O(xl)) _ %\ ‘(-(OQX +0(1)
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